Uncertainty is an important consideration in structural design and optimization to produce robust and reliable solutions. This paper introduces an efficient and accurate approach to robust structural topology 
HE world is full of uncertainties and structures need to be designed and optimized to be robust and reliable when operating in an uncertain environment. The traditional engineering approach to account for uncertainties is to employ a factor of safety. Whilst this philosophy has produced many successful structures, the modern era demands more efficient designs that minimize waste in order to meet pressures from both economic and environmental factors. In this context the safety factor approach may be inadequate and there is increasing interest in an alternative probabilistic approach that includes a clearer understanding of uncertainties during design and optimization.
Various probabilistic approaches have been developed to account for different types of uncertainty in structural design and optimization methods, 1 however, the paradigm had not been applied to structural topology optimization methods until recently. Topology optimization is becoming a popular design tool as its flexibility provides the greatest opportunity to maximize performance. This is particularly relevant to the design of aerospace components, as structural extensive bibliography on the subject.
At present there are two main approaches that consider uncertainties in structural topology optimization. The first is to introduce a number of reliability constraints based on probability of failure, often referred to as Reliability-Based Topology Optimization (RBTO). 7 These methods often aim to minimize the weight or volume of a structure, while ensuring the probability of failure is less than a prescribed value. The failure probability constraint is a function of the uncertain parameters and is usually recast to ensure the reliability of the structure is greater than a required value. Various failure modes have been considered in RBTO methods, including critical limits on deformation, 8,9 natural frequency 9,10 and stiffness. 10, 11 Although reliability constraints can be difficult to handle during an optimization process, several techniques have been developed to improve the efficiency and robustness of RBTO. A popular technique is to approximate the reliability using the First Order Reliability Method (FORM), 7 which is itself an optimization problem and can be efficiently included in RBTO methods using the Performance Measure Approach (PMA). 8, 9 The main advantage of FORM is that analytical sensitivities of the reliability constraint are often available, leading to significant efficiency benefits. However, FORM only considers the mean and variance of uncertain parameters and is not appropriate when higher statistical moments have a significant effect on the failure mode or exact probability data is unavailable. When exact data is unavailable a non-probabilistic approach can be adopted, where probability functions are assumed convex and bounded. 12 This method has also been combined with the probabilistic approach, providing a more general method for reliability-based optimization. 13 The RBTO method has also recently been extended to include a system reliability constraint, which is composed of a number of component reliability constraints connected in series.
14 RBTO methods have been successfully applied to efficiently solve various structural optimization problems in the presence of uncertain parameters. However, RBTO relies on defining one or more failure states that are functions of the uncertain parameters and it is sometimes difficult to immediately define a meaningful failure state. When a failure state is not defined, an alternative approach to RBTO is to consider a probabilistic objective that is a function of the uncertain parameters. This approach is often referred to as robust optimization.
Popular choices for robust objective functions are to minimize the expected or maximum performance and both approaches have been utilized when solving the classic minimization of compliance problem with uncertain variables. 15, 16 Various parameters can affect the robustness and reliability of a structure, including loading, geometry and material properties. 1 Loading uncertainties are most widely studied, although the level of uncertainty is often limited to loading magnitude. However, uncertainty in loading direction can be simulated by considering orthogonal uncertain loads with zero mean. 10 This approach may be appropriate for some problems, however, the orthogonal loads are often uncorrelated and the relevance to the directional uncertainty of a single load can be unclear. For non-probabilistic uncertainties, loading direction has been considered using the multi-ellipsoid convex model, 17 which does allow for some interaction between orthogonal loads.
For the robust optimization approach, methods for approximating probabilistic directional uncertainties include using a discrete probability function, 18 discretisation of a continuous probability function using a sampling method 15, 19 and an approximation by a quadrature technique. 20 These discretized approaches transform the optimization problem into a multiple load case one, which can be solved for the minimization of expected performance problem. 15, 18 In order to achieve a level of accuracy when discretizing continuous probability functions, increasing the number of sampling points or a higher order quadrature rule is required. This consequently increases the number of load cases that must be considered. Thus, in the presence of a large number of uncertain loads the computational cost associated with the discretization approach can quickly become prohibitive. 15, 19 The motivation of this paper is to create an efficient method for considering loading magnitude and directional uncertainty in topology optimization in order to produce robust solutions. The classic minimization of compliance problem is considered with uncertainties being introduced into the objective function and described by continuous normal probability functions. The proposed method alleviates the computational burden of discretization techniques when there are a large number of uncertain loads and a high degree of accuracy is required.
II. Topology Optimization with Uncertainty in Loading

A. The Robust Optimization Problem
First we state the deterministic problem without including uncertainties. The problem considered is to minimize compliance or total strain energy, subject to a constraint on the available material, or structural volume. This problem has been widely studied in the literature. [2] [3] [4] (1)
Where Ω is the structure domain, Γ the structure boundary, A the material property tensor, ε(u) the strain tensor, u the displacement field that is a unique solution to the linear elastic system, v is any kinematically admissible displacement field, p the body forces, f the surface tractions and Vol * the limit on material volume.
The aim of this work is to introduce uncertainties in loading magnitude and direction in the deterministic compliance problem, Eq. (1). One common approach of treating uncertainties for the compliance problem is to minimize expected performance. 15, 18, [20] [21] [22] [23] [24] [25] This produces a robust structure that has good average performance, thus robust against the uncertainties. Therefore we formulate the objective function to be expected compliance, Eq (2). Here we assume the equilibrium constraint is satisfied for all possible solutions and there are no body forces:
where E(x) is the expected value of uncertain variable x and P(x) is the probability density function (pdf) of x.
A traditional stochastic approach to solve this problem with continuous pdfs is to discretise the continuous distribution. 15, 18, 19 The robust problem then naturally transforms into a multiple load case problem, where each load case is a discrete realization of the pdf. This approach is often referred to as stochastic programming or optimization. 15, 18, 19 However, it is not straight forward to select the load cases to ensure all critical cases are considered to obtain an accurate approximation of the original continuous problem.
We introduce an analytical approach that accounts for continuous pdfs. This approach avoids approximation or simplification of the original problem and hence, ensures that all critical load cases are considered. We assume that the uncertainties are represented by normal distributions.
To perform the analytical approach we assume the linear elastic system, Eq. (3) 
where κ i,j is an entry of the inverse stiffness matrix and i and j are row and column numbers respectively.
B. Uncertainty in Magnitude of Loading
We first derive a formulation for expected compliance under statistically independent uncertainties in magnitude of loading, which are described by Gaussian normal distributions with mean µ i and standard deviation σ i . Expected compliance including uncertainty in magnitude of loading is stated using the discrete form for compliance of Eq. (5): (6) where f i are loads that can have uncertain magnitude. Using integration by parts three times for the first uncertain load f 1 , Eq. (6) becomes:
Evaluating Eq. (7) between limits µ 1 ± ζ and letting ζ go to infinity yields:
Repeating the integration process for each load with uncertain magnitude, expected compliance simplifies to the following expression:
(9) Equation (9) reveals that expected compliance can be evaluated by summing values from n+1 deterministic load cases, where n is the number of loads with non-zero variance (σ i ≠ 0). The first load case is the simultaneous application of mean loads and the subsequent n cases correspond to a single load equal to σ i applied at the location of uncertain load i. Therefore, the robust optimization problem of Eq. (2) is transformed into a multiple load case problem that can be solved by most existing topology optimization methods:
where J(u, µ) is the compliance computed from mean loading conditions and J(u i , σ i ) is the compliance for a single load of magnitude σ i . This result is not surprising, as it is similar to those found in the literature for truss structures under loading magnitude uncertainty, where the first two moments of uncertain loads are considered. 15, 24 This formulation offers an efficient method for evaluating expected compliance using the minimum number of deterministic load cases where loads have uncertain magnitude described by a normal distribution.
C. Uncertainty in Direction of Loading
This section derives an efficient approach for calculating expected compliance in the presence of uncertainty in direction of loading. First we define directional uncertainty of a load in twodimensional space in terms of its angle of application θ, where θ=0 refers to the positive horizontal direction. Expected compliance of a structure under n loads with directional uncertainty can be written as: (11) where P(θ) is a probability density function for directional uncertainty. Here we assume that P(θ i ) is a Gaussian normal distribution with mean direction µ θ,i and standard deviation σ θ,i and all uncertain variables, θ i are statistically independent. A single load with magnitude f, but applied in an arbitrary direction can be written in terms of two orthogonal loads. For simplicity we assume one load is defined in the horizontal x-direction and the other in the vertical y-direction:
We construct the load vector {f} such that odd entries of the vector correspond to horizontal loads and even entries to vertical loads. As we are only interested in linear elastic structures, the stiffness matrix [K] and its inverse are symmetrical. Substituting the orthogonal loads, Eq. (12), into the discrete form of compliance, Eq. (5), results in:
where ix = 2i-1 and iy = 2i.
Substituting Eq. (13) into Eq. (11), the integral for expected compliance can be evaluated by substituting the complex exponential forms of the trigonometric functions. We take the integration limits of each uncertain variable to be θ i =µ θ,i ±π, which integrates over the full revolution of 2π. The result of the integral for expected compliance, Eq. (11) involves error functions in the form: erf(π / √2 σ θ,i ). However, if at least three standard deviations either side of the mean direction are contained within the full revolution, 3σ θ,i ≤ π, then the error function evaluates to at least 0.9973, which can be approximated as one. The integral then simplifies to: (14) expected value derived in Eq. (14) . This is achieved by subtracting the compliance values for each load case from the expected compliance. We define the first load case as the deterministic one where each entry in the load vector is multiplied by an exponential function of the variance:
The compliance computed for this load case using Eq. (13) is:
The compliance from the first load case, Eq. (16), is now subtracted from the expected compliance, Eq. (14), leaving the compliance value to be computed by the remaining load cases.
After some manipulation the subtraction equates to: (17) where the values of w are defined as:
deterministic location and in the mean direction of each uncertain load in turn. The compliance value computed for each of these load cases, using Eq. (13), is multiplied by w 1,i producing: 
Finally, two further sets of load cases are required to complete the computation of expected compliance. These load cases are defined by applying a load of unit magnitude at the location of each uncertain load in the horizontal (θ x = 0, π) and vertical (θ y = π/2, 3π/2) directions separately.
The compliance values for these two load cases are computed for each uncertain load using Eq.
(13), and multiplied by w 2,i producing:
This completes the computation of expected compliance considering uncertainty in loading direction, Eq. (14), using a series of separate load cases. In the general case a maximum of 1+3n load cases is required where n is the number of loads with uncertain direction. The first load case is the application of deterministic loads multiplied by exponential functions of the variance, Eq.
(15), and each subsequent set of three load cases are applied at the location of the uncertain load.
The subsequent loads have a magnitude of one and are applied in the mean, horizontal and vertical directions in turn. Using Eqs. (16, 20, 22) the expected compliance becomes a weighted sum of the 1+3n load cases:
The number of load cases can be reduced by one for every value of µ θi that is equal to θ x or θ y by simply combining load cases and weights appropriately. Also if all values of σ θ,i are zero, then
Eq. (23) reduces to a single load case equal to the compliance of the deterministic case, Eq. (5).
D. Combined Uncertainty in Loading
We now use the result of Eq. 
Equation (24) is evaluated using the results of Eqs. 
where the weights are defined using Eqs. (25) . The minimization of compliance problem with multiple loads cases can be solved by most existing methods. 2, 27 Thus, the formulation for expected compliance obtained here is also valid for any computational topology optimization method that can solve the multiple load case problem. For the purpose of demonstration, this paper implements a level set based topology optimization, which is outlined in the following section.
The formulation, Eq. (26) can be implemented more efficiently by exploiting the linear elastic nature of the structure to reduce the number of load vectors needed when computing the displacement vectors for the required load cases. 18 In the general case 2n load vectors could be used to compute displacements for the 1+3n load cases.
The analytical formulation derived in this work only requires 1+3n load cases to accurately compute expected compliance and the required sensitivities. Therefore, the computational cost of computing the objective and sensitivities scales linearly with the number of loads with uncertainty. This is seen as more efficient than existing methods that rely on approximation or quadrate to define the required load cases. For example, if there are n loading uncertainties, including both magnitude and direction, and S is the number of samples or quadrate points used per uncertain variable, a total of S n load cases could be required to compute the objective and sensitivities.
III. Level Set Based Topology Optimization
To solve Eq. (26) for continuum structures we use the level-set method with multiple load cases, where weights and load cases are defined to include the effects of uncertainties in loading through Eqs. (16, 20, 22, 25) . This section provides an overview of the level set method for topology optimization and provides some details of our implementation. 26 First, the structure is defined as an implicit signed distance function φ(x), such that: (27) where Ω s is the domain of the structure and Γ is the structure boundary. A larger domain Ω, is defined to contain Ω s and all possible solutions. Using the expressions developed in the previous section, the robust optimization problem of Eq. (2) under uncertainties in magnitude and direction of loading becomes a multiple load case problem:
where J(u i , f i , θ i , φ) is the compliance computed for load case i, n is the number of required load cases and H(x) is the Heaviside function. Assuming only surface traction loading, the shape
where V is a velocity function normal to the boundary.
Thus, V is chosen as −∑J(u i , f i , θ i , φ), in order to reduce the objective towards its minimum. 27 However, the velocity function is modified to enforce the volume constraint by adding a constant λ to the velocity function. The constant is defined such that the volume constraint remains feasible, or approaches the feasible region. In our experience the relationship between λ and volume change is often found to be approximately linear. Hence λ can be efficiently calculated at each step using Newton's method and a numerical approximation to the boundary integral defining the volume change.
A discretized Hamilton-Jacobi type equation for updating the level set function φ(x) is defined as:
where j is a discrete grid point and Δt is the time step defined by the Courant-Friedrichs-Lewy condition for stability: Δt = h / 2 |V j | max , h is the maximum grid spacing.
So far the velocity function defined in Eq. (30) is only applicable to the points along the structural boundary. In order to update the level set function using Eq. (31), the discrete velocity values, V j , have to be defined at all grid points. This is achieved using a velocity extension technique that extrapolates velocities away from the boundary. 28 To avoid evaluating the velocity function everywhere in the domain each iteration, the computation is limited to a narrow band around the boundary. 29 When the boundary approaches the edge of the narrow band then the band is redefined from the current boundary. However, this can lead to implicit functions that are too steep or shallow, which can reduce the accuracy and stability of the level set method.
Therefore, φ(x) is re-initialized to a signed distance function using the fast marching method 29 when the narrow band is redefined and also periodically to maintain accuracy and stability. The upwind finite difference scheme for gradient calculation is often employed by level set methods due to its favourable stability. 29 This scheme is utilised here where each gradient component is approximated using the higher order Weighted Essentially Non-Oscillatory method (WENO) 30 which improves the stability and accuracy of the scheme.
The hole insertion method based on a pseudo third dimension 26 is employed to alleviate the well known problem of initial design dependent solutions in level set methods. 4 The method is implemented with a narrow band width of 6h, an initial pseudo thickness of h and a 2% upper limit on material removal due to hole creation during each iteration. For simplicity and efficiency when solving the finite element equation, level set methods often employ a fixed regular mesh to discretize the design domain. However, some elements can be cut by the structure boundary leading to a discontinuity in material properties within the element. This problem is alleviated by employing the density approximation to the stiffness matrix of the cut elements:
where K i is the approximated stiffness matrix for the cut element i, K t is the stiffness matrix of a complete element, α t is the complete element volume and α i is the volume of structural material with element i. This approach is simple and efficient, but inaccuracies can occur when calculating boundary sensitivities defined by Eq. (29). 31 Therefore, sensitivities are smoothed by a weighted least squares method using values calculated at Gauss points.
IV. Illustrative Examples
This section presents numerical examples using the level set method, discussed in Section III, 
A. Simple Column
The simple two-dimensional structure shown in Fig. 1(a) is optimized for deterministic and uncertain loading conditions. The single point load f has mean magnitude µ = 10 and mean applied direction µ θ = 3π/2. To observe the effect of directional uncertainty on this simple example, the minimum expected compliance problem is solved for a range of applied direction The deterministic solution is a straight column shown in Fig. 1(b) where all the material is aligned to support the vertically applied load. from the robust optimization problem adapt to the level of uncertainty, as the width of the arch structure increases with increased variance. This simple example shows that more robust solutions can be obtained in the presence of loading direction uncertainty, as the expected compliance is significantly lower for the robust solutions compared to the deterministic one.
B. Carrier Plate
A simple carrier plate example of Fig 3(a) is used to demonstrate that the approach obtained in Section II for including uncertainty in loading can also be applied to distributed loads. The 
where β is the shape parameter of the distribution. Substituting Eq. (34) into Eq. (6) and evaluating between limits 0 to ∞ using the same integration by parts approach detailed in Section II(B) yields the following equation for expected compliance:
Therefore, an additional load case of magnitude β i is required for each magnitude uncertainty described by a half-normal distribution. This approach can be used to model uncertain loads that follow a Gaussian distribution, but are restricted to one sign, for example pressure loads such as wind and snow loading and reaction loads arising from tension cables. Two uncertain loading conditions are considered for the uniformly distributed side loads, f 2 and f 3 . The first condition assumes both loads are described by identical probability distributions, β 2 = β 3 = 0.5. The second condition assumes the left side load has a lower mean, where β 2 = 0.1 and β 3 = 0.5. The volume constraint for each problem is set to 30% of the design domain. demonstrating an improved performance compared to the deterministic problem in the presence of uncertain loading conditions. Convergence histories for the two solutions are shown in Figure   7 .
It is interesting to note that if only magnitude uncertainties are considered, then expected compliance for the deterministic solution is 29.0×10 2 . However, if only directional uncertainty is considered expected compliance is 46.3×10 2 . This suggests that, for this example, the compliance of the deterministic solution is more sensitive to directional uncertainty compared to magnitude uncertainty.
V. Conclusions
This study posed a robust topology optimization problem as minimization of expected compliance. Loading uncertainty is considered in both direction and magnitude, where uncertain variables are described by normal probability distributions. Analytical expressions are derived to transform the expected compliance into a total compliance of a multiple load case problem. For a general problem only three additional cases per uncertain load are required to accurately compute compliance and sensitivities. Therefore, the approach is more efficient than the existing sampling or quadrature based methods, especially for a large number of uncertainties.
The robust optimization problem is solved for continuum structures using the level set method. The robust solutions show marked differences when compared with the equivalent deterministic cases. Furthermore, the expected compliance is significantly reduced compared with the deterministic solutions. This demonstrates the importance of including uncertainties in structural topology optimization methods to produce robust solutions.
We note that robustness can also be measured by the variability of the performance function and robust optimization can be posed as minimization of expected and variance of the performance. Including compliance variance in the presented formulation is the subject of our on-going research.
